Protein allostery requires dynamical structural correlations. Physical origin of which, however, remain elusive despite intensive studies during last two decades. Based on analysis of molecular dynamics (MD) simulation trajectories for ten proteins with different sizes and folds, we found that nonlinear backbone torsional pair (BTP) correlations, which are spatially more long-ranged and are mainly executed by loop residues, exist extensively in most analyzed pro- 
Introduction
Allostery in protein molecules is defined by their response to external stimuli on distal site(s). Most biologically relevant allostery are spatially long-ranged. [1] [2] [3] [4] [5] Therefore, understanding of structural correlations, especially long-ranged ones, are essential for elucidation and manipulation of protein allostery. Earlier computational characterization of dynamical correlations, [6] [7] [8] despite limited time scales, provide insightful information on the inherent correlated motion and response of a transmembrane helical peptide to an exerted local conformational change. Li et. al. 9 analyzed a 700-ns molecular dynamics (MD) simulation trajectory of ubiquitin and concluded that long-ranged pair correlations are rather rare and network of short-ranged coherent motions likely contribute to transmission of information in allostery. By combining NMR and computational ensemble, Fenwick et.
al. 10 concluded that observed limited long-range correlations in ubiquitin are likely to be transmitted by network of hydrogen bonds. Along the same line, Fenwick et. al. 11 provided evidence that hydrogen bonds across β -sheets mediates concerted motions, which are candidates for transfer of structural information over relatively long distances. Papaleo et. al. combined a description of the protein as a network of interacting residues and dynamical cross-correlation to detect communication pathways from MD simulation trajectories of E2 enzymes. 12 In these studies, analyses were limited to linear correlations. [6] [7] [8] [9] [10] [11] [12] It was well-recognized that non-linear correlations exist in protein dynamics and a generalized correlation measure was developed to be within the range of [0,1] based on non-linear transformation of mutual information (MI). 13 A procedure of mutual information based correlation analysis was developed and utilized to identify long-range correlations in human interleukin-2.However, despite important insight revealed in these studies, the physical origin and underlying molecular motions of observed correlations remain elusive. In this study, we focus on molecular motions that underly backbone torsional pair (BTP) correlations. After calculating both mutual information and linear correlations for BTPs in extensive MD simulation trajectories of ten proteins with different sizes and folds ( Fig. 1) , we analyzed variation of correlations as a function of sequential and spatial distances, and as a function of belonging secondary structures, torsional motions and time scales. It was found that linear correlations of BTPs are predominantly spatially short-ranged, mainly associate with harmonic local torsional motions and occur on relatively short time scales. On the other hand, non-linear correlations occur for both spatially short and long-ranged BTPs, they associate exclusively with aharmonic torsional state transitions on widely different and relatively longer time scales, and are dominantly executed by loop residues. However, for a correlated BTP, torsional state transitions are necessary but not sufficient for non-linear correlations. The direct cause of non-linear BTP correlations are found to be heterogeneous, or in extreme cases canceling, linear correlations associated with different torsional states of participating torsions.
Results

Mutual information and linear correlations of BTPs
As being evident from the full correlation expansion, 14 mutual information is an inherent component of entropy, thus is intimately related to free energy at a given temperature. Therefore, utility of mutual information to characterize dynamical correlations makes more energetic sense than both linear correlations or the generalized correlation. 13 While this fact has been well recognized, it remains unclear how linear correlations relate to mutual information, and consequently free energy in proteins. To elucidate this issue, we calculated second order mutual information (MI) and linear correlation coefficients r for all pairs of backbone dihedrals φ and ψ for ten protein molecules.
MI vs. r plots of four proteins were presented in Fig. 2 . Contour lines of these scatter plots ap-proximately reflect relationship between r and maximum possible MI (denoted MPMI r here after) engendered by corresponding linear correlations (as there is always possibility of non-linear correlations between any given BTPs). It is found that contour lines are essentially the same regardless of the identity of proteins, and may be reasonably well-fit ( Fig. 2 ) with the following function.
Meanwhile, data points locate above and far from contour lines indicate that significant non-linear correlations exist for corresponding BTPs. Again, note that MI is linearly related to entropy by the Boltzmann constant. Therefore, for points fall on equation ??, entropic cost for initial increase of r from 0.1 to 0.4 is around 0.08k B , while a further increase of r from 0.4 to 0.7 corresponds to approximately 0.23k B . Additionally, while the theoretical range of MI goes from 0 to ∞, thermodynamics dictates that we will not observe huge values in practical biomolecular systems, which operate under ambient conditions. Indeed, as shown in Fig. 2 , the maximum MI we observed is less than 1.3 and MI value beyond 1.0 is extremely rare. Therefore, utility of MI to characterize dynamical correlations provides both practical convenience and physical intuition.
Sequential distribution of BTP correlations
To analyze the distribution of both linear correlations and MI of BTPs in primary sequence space, a correlation matrix was created for each analyzed protein and presented in Fig. 3 Fig. 3 ). Additionally, a common feature shared by all proteins is that significant MI in off-diagonal region is primarily associated with various loop residues (all residues that were in neither an α helix nor a β strand were defined as loop residues in this study).
Relevance of spatial distances and secondary structures for non-linear BTP Regarding the second feature, significant variation was observed among different proteins (Fig. 4) .
Qualitatively, correlation matrices for studied proteins (see Fig. 3 ) suggest that for those rela- 
Torsional state transitions and non-linear BTP correlations
Based on observations mentioned above, we were quite confident that neither spatial distances nor the specific identity of belonging secondary structures per se is a necessary factor for significant nonlinear contribution in BTP correlations. Instead, it should be some other property that is most likely to associate with loop residues and is least likely to associate with residues in stable secondary structures. For backbone torsions in loops, one outstanding feature is significantly higher (relative to those located in α helices and β strands) probability of having multiple torsional states the SLR non-linear correlations of loop residues are of far reaching potential importance in future manipulation of biological systems. However, to fully realize the potential of such versatile SLR, one need to have the capability of predicting such correlations on the one hand, and to understand the mechanism of how information transmit from one site to a distal site in a non-linear way on the other hand. Both are significant challenges that need to be addressed and are briefly discussed below. Firstly, despite the fact that with steady expected increase of computational power, submillisecond to milliseconds MD simulations are expected to be routine in a decade, the fact that we identified SLR nonlinear correlations does not implicate that we may accurately predict such correlations through extensive MD simulations. The major concern is the quality of force fields in describing such SLR dynamical correlations since we essentially have no reliable reference to perform corresponding optimizations. This is in contrast to the availability of highly accurate small molecule experimental data and the protein data bank for validation of parameters describ- For illustration, we constructed MI vs. r plots for lysozyme based on different trajectory sets as shown in Fig. 8 . One would immediately conclude that a significant fraction of non-linear correlations observed in Fig. 8b are spurious since they disappear in larger trajectory sets (Fig. 8c,d ).
However, without larger trajectory sets, we usually have no reliable way of identifying spurious correlations from genuine ones. We may have the following thought experiment. Let's assume we have two independent MD trajectories A and B of the same length for two different proteins and pick a torsion a in A and a torsion b in B, if torsional state transitions of a and b occur on very similar time scales that happen to be comparable with the total length of the two trajectories, it is likely for us to observe a strong correlation between a and b. Such correlation is spurious since we know that there is no physical forces to coordinate torsional state transitions between a and b, they must go out of phase gradually and eventually lose correlation if the observation was sufficiently long (or sufficiently many observations were made). However, for two DOFs that are in the same protein molecule and we do not have sufficiently long (or many) observation(s), we have no way of differentiating a genuine correlation from a spurious correlation unless we have the ability to identify physical interaction networks mediating arbitrarily given pairs of DOFs in a molecule, which is just as difficult, if not more, a task itself. We might be tempted to believe that a correlation for a BTP is genuine if we observed many torsional state transitions for the participating torsions. However, we can never be sure that there might be an much slower latent DOF, transition of which has not been observed but may destroy or strengthen correlation for our interested pair. Similarly, we might be tempted to speculate that an observed correlation for a BTP is likely to be spurious if only a few torsional state transitions were observed for participating DOFs, however, such correlations are equally likely to be genuine. Fortunately, for many interesting and important biomolecular systems, there are experimental means to estimate time scales of key molecular events, and such time scale information would be of great help in differentiating spurious correlations from genuine ones.
It is important to note that convergence of BTP correlations (or simulation) is dependent upon our interested part of free energy landscape. For example, when our major interest is native conformational transitions, we do not need to observe folding/unfolding events that are likely to be on much longer time scales. A more naive source of spurious correlation is simply due to limited number of independent data points. With only a few data points available, it is highly likely to obtain spurious correlations. In this study, we utilized extensive MD trajectories (ranges from a few µs to hundreds of µs) and a simple random permutation calculation suggest that our results do not suffer from trivial lack-of-data spurious correlations.
Instability of circular linear correlations
Due to the circular property of torsion angles, brute force calculation of Pearson correlation coefficients is not possible for two torsions, and the following circular version is utilized in this study and many others. However, when examine carefully the equation utilized for calculating the mean
it is apparent that when a torsion has a two peak distribution with 180 deg difference and approximately equal weights, summation of both sine and cosine terms essentially vanish and the calculated results only reflect local noises. We did observe such instability of circular linear correlations in our analysis, three subsets of a BTP with essentially similar joint distribution (p(x, y)) and distribution difference (∆p(x, y) = p(x, y) − p(x)p(y)) have dramatically different calculated linear correlation coefficients, ranging from strongly negative linear correlation, to nearly no linear correlation and strong positive linear correlation. We repeated this problem with simulated data, and the results confirmed our speculated problem that any double peak with 180 o difference will have this problem (data not shown). Unfortunately, it seems to be difficult to come up with a new formulation that are free of this or other similar problems. Therefore, it is essential to be cautious with linear correlation obtained from circular analysis. However, mutual information is free of such instability in addition to the fact that it is linearly related to entropy.
Conclusions
In summary, we analyzed extensive MD simulation trajectories for ten proteins of different sizes and folds, and found that significant SLR nonlinear BTP correlations exist in most of studied pro- 
